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Abstract
A steel ball supported by two player-controlled rods forms a compact but unusually rich mechanical

system. The rods rise along the board, while increasing their separation lowers the ball relative to the
rod centers; this geometric competition permits apparent uphill motion. Peng Xu, Richard Groff, and
Timothy Burg established the rigid-body kinematics and nonlinear, underactuated, nonholonomic
dynamics of the Shoot-the-Moon apparatus and demonstrated model-based position control in
simulation and experiment. The present paper retains that rigid foundation while developing a
standalone mechanics and optimal-play treatment that includes rolling resistance, traction limits,
independent rod attitude, approximately five-degree axial rotation of each rod, slight bending and
torsion, contact loss, free flight, scoring geometry, target-specific viability, and risk-sensitive control.

For symmetric circular rails, the normalized separation η = d/[2(R + r)] and support margin
δ =

√︁
1 − η2 give an exact local rolling radius Reff = Rδ and effective translational mass M =

m(1 + κ/δ2). A critical opening condition and terminal rotational regularization follow. Independent
axial rod angles ϕ± enter through the moving-surface contact velocity. In the locally parallel circular-
rail limit, common twist sets ball spin about the rail direction, while differential twist is kinematically
conjugate to cross-sectional center motion; incompatible twist produces microslip. Divergence, skew,
noncircularity, and elastic torsion create additional coupling into longitudinal propulsion and braking.
A beam-compliance closure has an explicit fold at δ∗ = Λ1/3, and the terminal drop is formulated as
a hybrid transition. Under Gaussian release-timing uncertainty, hit probability decreases strictly
with speed. The observed maximum-score strategy is therefore a boundary-riding risk problem.
Pontryagin’s principle explains high-authority compound pulses, while the claim that exactly one
dominant intermediate separation–twist pulse is globally optimal is stated as a falsifiable conjecture.

Keywords. Shoot-the-Moon; rolling sphere; independently rotating rails; nonholonomic contact;
compliant rods; hybrid mechanics; viability kernel; risk-sensitive optimal control; bang-bang control.
MSC 2020. 70E18, 70F25, 74H15, 49J15, 93C10.

1 Introduction

The apparatus consists of a rigid ball supported by two slender cylindrical rods. The rods are close
together near a hinge and are manipulated independently at their opposite ends. Their centerlines can
open and close, acquire small individual yaw and pitch differences, and rotate slightly about their own
axes. Inspection of the game mechanism suggests an axial rotational excursion of order 5◦ per rod;
throughout this paper this is treated as the nominal bound

|ϕi| ≲ ϕmax, ϕmax = 5◦ ≈ 0.0873 rad, (1.1)

subject to direct measurement on the particular apparatus.
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Figure 1: Top-view idealization. The included opening angle is 2α, while ϕ± denote independent axial
rotations of the rods. The complete apparatus also permits small individual centerline attitude changes.
A real machine should replace the straight-rail law by measured centerlines and handle maps.

The mean rail direction is inclined upward, yet opening the rods lowers the ball center enough to
produce motion toward the high end. The player then releases the ball through one of several scoring
apertures. A maximum-score run must combine sufficient travel, retained contact, and precise terminal
timing. The central playing observation is a risk paradox: the terminal target appears to favor a strong
pulse in an intermediate region and a passage at nearly the greatest controllable speed. That strategy
simultaneously narrows the timing window and leaves little recovery authority.

The rigid-body foundation is due to Xu, Groff, and Burg. Their conference paper, thesis, and journal
article derive the kinematics and equations of motion, identify the system as underactuated, nonlinear,
and nonholonomic, design linearized and nonlinear position controllers, and validate the nonlinear
controller on an automated physical apparatus (Xu et al., 2010; Xu, 2011; Xu et al., 2012). Xu’s
thesis also explicitly identifies the rapid “shoot” phenomenon as an interaction between ball rotation
and translation and demonstrates the nonholonomic relation between linear and angular position.
Accordingly, this paper does not claim the first dynamics or control model of the game.

The purpose here is broader and different: to give a standalone end-to-end mechanics guide and
formulate the score-optimal human-playing problem. The paper re-derives the symmetric geometry
needed for self-containment, treats Xu’s rigid model as the limiting foundation, and adds:

(i) independent centerline yaw and pitch of the two rods;

(ii) independent axial rod rotation and moving-surface rolling constraints;

(iii) common/differential twist modes, twist-induced spin, and slip compatibility;

(iv) geometry-dependent effective inertia, resistance, traction, and load guards;

(v) bending and torsional compliance, including an explicit support-branch fold;

(vi) hybrid transitions among rolling, slip, one-contact motion, free flight, and impact;

(vii) target-specific viability, release uncertainty, and score-risk optimization;

(viii) a precise, testable compound-pulse conjecture.

2 Rigid-body foundation and attribution

The present paper is designed to be readable without consulting earlier work, but the provenance of
the rigid-body results must be explicit. Xu and coauthors supplied the first detailed mechanics and
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model-based control treatment located in the literature reviewed for this paper. The thesis record states
that Xu developed the kinematics, derived the equations by both Lagrangian and Newtonian methods,
identified underactuated, nonlinear, nonholonomic dynamics, designed two position controllers, built an
automated platform, compared experiment with simulation, and demonstrated the translation–rotation
constraint (Xu, 2011). The conference and journal versions report the same rigid-body program in
condensed form (Xu et al., 2010, 2012).

Table 1: Relationship between the Xu–Groff–Burg foundation and the present extension.

Established by Xu and coau-
thors

Use and extension in this paper

Kinematic description and non-
linear rigid equations

Retained as the rigid limiting system; a self-contained symmetric
reduction is re-derived for analysis.

Underactuated and nonholo-
nomic structure

Used explicitly in the rolling constraints, effective inertia, and optimal-
control formulation.

Linearized position regulation Recognized as the local set-point-control solution; not presented here
as a new result.

Nonlinear position tracking with
feedforward/PD structure

Recognized as the prior model-based tracking result and experimental
baseline.

Simulation and automated phys-
ical validation

Treated as evidence for the fidelity of the rigid foundation.

Rotation–translation “shoot” in-
teraction

Extended to moving rod surfaces, independently commanded axial
twist, compliance, slip, and score-optimal compound pulses.

The new questions are not whether the ball can be regulated to a position, but which states remain
recoverable for a scoring target, how independent rod twist changes contact work, and which admissible
vector control maximizes score under failure risk.

3 Geometry of two-rail support

3.1 Coordinates and assumptions

Let x ∈ [0, L] be distance along the mean rail direction, positive uphill. The ball has mass m, radius R,
and central moment of inertia

I = κmR2, κ = 2
5 for a homogeneous solid sphere. (3.1)

Each rod has nominal circular radius r, and a := R + r.
For the complete three-dimensional geometry, represent rod i ∈ {+, −} by a centerline

ci(s, t) = pi(t) + sti(t) + wi(s, t), 0 ≤ s ≤ L, (3.2)

where pi is a reference point, ti is a unit centerline tangent, and wi is elastic displacement. Using
signed yaw γi and pitch βi,

ti =
[︂
cos βi cos γi cos βi sin γi sin βi

]︂T
. (3.3)
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Figure 2: A complete handle model has more than one scalar opening coordinate. Symmetric opening
is only one mode among centerline skew, common/differential pitch, and common/differential axial
rotation.

The independent axial angle ϕi rotates the material surface about ti. Convenient control modes are

αo = γ+ − γ−
2 , αs = γ+ + γ−

2 , (3.4)

βc = β+ + β−
2 , βd = β+ − β−

2 , (3.5)

ϕc = ϕ+ + ϕ−
2 , ϕ∆ = ϕ− − ϕ+

2 . (3.6)

Here αo is symmetric opening, αs is centerline skew, βc is common incline, βd is differential cross-slope,
ϕc is common axial twist, and ϕ∆ is differential axial twist.

The symmetric rigid reduction used for closed-form analysis sets γ± = ±α, β± = β, wi = 0, and
initially ϕ± = 0. Its rail-center plane rises according to

zr(x) = z0 + x sin β, (3.7)

and its center-to-center separation is

d(x, t) = d0 + 2x tan α(t). (3.8)

A real apparatus should use calibrated centerlines ci(s, ui), not assume this affine law.

3.2 Cross-sectional support

In transverse cross-section, the ball center is a distance a from either rod center. If h is its height above
the rod-center plane, (︃

d

2

)︃2
+ h2 = a2, h(d) =

√︄
a2 − d2

4 . (3.9)

Introduce the dimensionless separation and support margin

η := d

2a
, δ :=

√︂
1 − η2, h = aδ. (3.10)

The rigid geometric support limit is η ↑ 1, equivalently δ ↓ 0.

Proposition 3.1 (Monotone, concave support height). For 0 < d < 2a,

hd = − d

4h
< 0, hdd = − 1

4h
− d2

16h3 < 0. (3.11)
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(b) Illustrative height decomposition.

Figure 3: The same support margin δ controls ball height, contact orientation, rolling kinematics, and
normal load. The plotted height curves are schematic, not fitted data.

Thus opening the rods lowers the ball center, and the magnitude of geometric sensitivity increases without
bound as δ ↓ 0.

Proof. Differentiate Equation (3.9) once and twice with respect to d.

The ball-center height and potential energy are

zB(x, α) = z0 + x sin β + aδ(x, α), V (x, α) = mgzB(x, α). (3.12)

4 Exact symmetric rolling reduction

4.1 Contact kinematics

Let ex point along the mean rail direction, ey transversely, and ez normally away from the rail-center
plane. The unit normal forces on the ball are directed along

n± = ∓ηey + δez, (4.1)

where + and − label the right and left rods. The radius vectors from the ball center to the contact
points are

ρ± = −Rn±. (4.2)

For symmetric longitudinal rolling, take ω = ωey. On stationary rods the longitudinal no-slip condition
is

0 =
(︁
vex + ω × ρ±

)︁
· ex = v − Rδω. (4.3)

Therefore
v = Reffω, Reff = Rδ. (4.4)

Proposition 4.1 (Geometry-dependent effective mass). Under symmetric no-slip rolling,

T = 1
2M(x, α)v2, M(x, α) = m

(︃
1 + κ

δ(x, α)2

)︃
. (4.5)

Proof. Substitute ω = v/(Rδ) from Equation (4.4) into T = 1
2mv2 + 1

2Iω2 and use Equation (3.1).
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5 Independent axial rotation of the rods

5.1 Moving cylindrical surfaces

Let rod i have centerline velocity ċi and angular velocity

Ωi = Ωatt,i + ϕ̇iti + ϑ̇i(s, t)ti, (5.1)

where Ωatt,i arises from changing centerline attitude and ϑi is elastic torsional twist. For a circular rod,
the material velocity at the contact point is

vr,i = ċi + Ωi × (rni), (5.2)

where ni points from the rod centerline toward the ball center. The no-slip constraint is therefore

PT,i (ṙC + ω × ρi − vr,i) = 0. (5.3)

A static axial angle ϕi does not change the geometry of a perfectly circular, homogeneous rod; only
ϕ̇i changes surface velocity. The angle itself becomes geometrically relevant when the rod has ovality,
eccentricity, texture, wear, or a nonaxisymmetric coating.

5.2 Common and differential twist in the local parallel limit

In the locally parallel symmetric reduction, define

q± := ex × n± = −δey ∓ ηez. (5.4)

Axial rod rotation creates the surface velocity

vtw
r,± = rϕ̇±q±. (5.5)

Allow the ball center to have cross-sectional velocity ẏey + żez. Projection of Equation (5.3) onto q±
gives

−δẏ − ηż − Rωx = rϕ̇+, (5.6)
−δẏ + ηż − Rωx = rϕ̇−. (5.7)

Define ϕ̇c = (ϕ̇+ + ϕ̇−)/2 and ϕ̇∆ = (ϕ̇− − ϕ̇+)/2. Then

Rωx + δẏ = −rϕ̇c, ηż = rϕ̇∆. (5.8)

Proposition 5.1 (Meaning of the two twist modes). For centered motion ẏ = 0 on locally parallel
circular rods, compatible no-slip motion satisfies

ωx = − r

R
ϕ̇c, ż = r

η
ϕ̇∆. (5.9)

Thus common twist commands ball spin about the rail direction, while differential twist is kinematically
conjugate to cross-sectional center motion.

Proof. Add and subtract Equations (5.6) and (5.7) and impose ẏ = 0.
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Projection of the same no-slip equations along ex yields

ωy = v

Rδ
, ωz = 0, (5.10)

so compatible centered motion has
ω = − r

R
ϕ̇cex + v

Rδ
ey. (5.11)

The corresponding kinetic energy contribution is

T = 1
2M(x, α)v2 + 1

2κmr2ϕ̇2
c . (5.12)

In the ideal parallel circular limit, the two spin energies are orthogonal and do not automatically
exchange. Divergence, skew, changing contact normals, slip, or nonaxisymmetric surfaces create
conversion mechanisms.

If the commanded differential twist is incompatible with the geometry-determined center velocity,
define the slip residual

s∆ := rϕ̇∆ − ηżB. (5.13)

No-slip requires s∆ = 0; otherwise the contact pair must accommodate the mismatch through elastic
deformation, one-contact motion, or microslip.

5.3 Divergent rods and direct longitudinal coupling

For the full rod tangent ti, axial twist contributes longitudinal material velocity

vtw
x,i = rϕ̇i(ti × ni) · ex. (5.14)

This term vanishes in the local parallel idealization but is generally nonzero for divergent, pitched,
skewed, or deformed rods. For small angular departures it is of order r|ϕ̇i| O(|γi| + |βd| + ∥wi,s∥).
Independent axial rotation can therefore supply propulsion, braking, spin shaping, or intentional slip in
the complete game.

5.4 Noncircularity and angle-dependent geometry

Let a weakly noncircular local radius be

ri(χ, ϕi) = r [1 + ϵi cos ki(χ − ϕi)] , |ϵi| ≪ 1. (5.15)

The contact gap is then
gi = ∥rC − ci∥ − R − ri(χi, ϕi). (5.16)

Now gi,ϕi
̸= 0, so even a static 5◦ rotation can change support height, normal load, and friction. This

effect should be measured before treating the rods as perfectly circular.

5.5 Reduced Lagrange equation

For prescribed α(t), define
L(x, v; α) = 1

2M(x, α)v2 − V (x, α). (5.17)

Let Fd(v, x, α) denote the longitudinal dissipative force magnitude opposing motion. The Euler–Lagrange
equation is

Mv̇ + 1
2Mxv2 + Mαα̇ v + Vx = −Fd. (5.18)
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Figure 4: Independent rod rotation adds genuine control channels. The absolute angle matters only
through nonaxisymmetry; the rate always matters through contact-surface velocity.

From Equations (3.8) and (3.10),

ηx = tan α

a
, ηα = x sec2 α

a
, (5.19)

δx = −η tan α

aδ
, δα = −ηx sec2 α

aδ
. (5.20)

Consequently,

−Vx = mg

(︃
η tan α

δ
− sin β

)︃
, (5.21)

Mx = 2mκη tan α

aδ4 , Mα = 2mκηx sec2 α

aδ4 . (5.22)

The first term in Equation (5.21) is geometry-induced uphill drive, while the second is ordinary downhill
gravity.

6 Uphill drive and terminal asymptotics

Define the dimensionless local drive margin

Γ(x, α) := η tan α

δ
− sin β. (6.1)

Proposition 6.1 (Local opening threshold). At a fixed local separation (η, δ), with v = 0 and negligible
dissipation, the ball accelerates uphill if and only if Γ > 0. Equivalently,

tan α >
δ sin β

η
= 2h sin β

d
. (6.2)

When d itself depends on α, Equation (6.2) is an implicit local threshold equation.

Proof. At rest the velocity-dependent terms in Equation (5.18) vanish. With Fd = 0, one has Mv̇ =
−Vx = mgΓ. Since M > 0, the sign of v̇ equals the sign of Γ.

A naive inspection of Equation (5.21) suggests an unbounded uphill force as δ ↓ 0. The rolling
inertia in Equation (4.5) changes that conclusion.

8



J. Gomila Complete Mechanics of the Two-Rail Ball Game

0.2 0.4 0.6 0.8 1
0

2

4

6

8

support margin δ

no
rm

al
iz

ed
m

ag
ni

tu
de geometric force ∼ δ−1

effective mass 1 + κδ−2

(a) Competing singular scalings.

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8
acceleration from rest

vanishes as δ → 0

support margin δ

no
rm

al
iz

ed
ac

ce
le

ra
tio

n

(b) Regularized rest acceleration.

Figure 5: The ideal geometric force grows near the support limit, but rotational inertia grows faster.
Curves show asymptotic forms with κ = 2/5.

Proposition 6.2 (Rotational regularization at zero speed). For fixed α > 0, negligible dissipation, and
v = 0,

v̇ = g
η tan α/δ − sin β

1 + κ/δ2 . (6.3)

As δ ↓ 0,
v̇ ∼ g tan α

κ
δ −→ 0. (6.4)

Thus the force singularity is overpowered by the δ−2 growth of rotational effective mass.

Proof. Set v = 0, α̇ = 0, and Fd = 0 in Equation (5.18), then use Equations (4.5) and (5.21). Since
η → 1 as δ → 0, the leading numerator is tan α/δ and the leading denominator is κ/δ2.

Remark 6.3 (Why the terminal regime remains dangerous). The vanishing of Equation (6.4) does not
make the terminal regime benign. At nonzero speed, ω = v/(Rδ) diverges, while Mxv2 and Mαα̇v scale
as δ−4. Normal load and traction demand also grow. The ideal no-slip reduction therefore ceases to be
physically credible before the rigid limit is reached.

7 Dissipation and contact feasibility

7.1 Normal force

Under quasi-static balance normal to the rail-center plane, equal rail forces satisfy

2Nδ ≈ mg cos β, N ≈ mg cos β

2δ
. (7.1)

Dynamic normal acceleration adds correction terms, but Equation (7.1) gives the principal geometric
scaling.

A reduced rolling-resistance model is

Fd = µrmg
cos β

δ
sgn(v) + c1v + c2|v|v, (7.2)

where the first term is the sum of the resistance at the two rods. A regularized odd function should
replace sgn(v) in numerical work near v = 0.
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7.2 No-slip feasibility

Let Ft,i be the tangential contact force at rail i. Sticking requires

∥Ft,i∥ ≤ µsNi, (7.3)

with transition to microslip or sliding when the inequality is saturated. Monitoring normal force and
static-friction demand is essential in rolling-ball systems (Putkaradze and Rogers, 2018). Because both
the required spin and normal load become extreme near small δ, terminal high-speed play is expected
to encounter slip or material compliance before the rigid geometric limit.

It is useful to define admissibility guards

Ggeom := 1 − η, (7.4)
GN := Nmax − N, (7.5)
Gµ := µsN − ∥Ft∥, (7.6)

Gω := ωmax − |v|
Rδ

. (7.7)

The intended two-contact rolling mode requires each guard to remain positive.

8 Time-dependent opening, twist, and compound-pulse work

The handle motion changes α(t), individual attitudes, and the axial angles ϕ±(t). The constraint
manifold and material surfaces are therefore time dependent, allowing the player to exchange both
translational and rotational energy with the ball.

Define the reduced mechanical energy

E(x, v, α) = 1
2M(x, α)v2 + V (x, α). (8.1)

Proposition 8.1 (Reduced energy identity). Along solutions of Equation (5.18),

Ė =
(︃

Vα − 1
2Mαv2

)︃
α̇ − Fdv. (8.2)

Proof. Differentiate Equation (8.1), substitute Equation (5.18), and cancel the Mxv3/2 terms. Equiva-
lently, use the standard identity Ė = −∂L/∂t + Qv with Q = −Fd.

For a scalar open–close pulse over [t0, t1],

∆E =
∫︂ t1

t0

(︃
Vα − 1

2Mαv2
)︃

α̇ dt −
∫︂ t1

t0
Fdv dt. (8.3)

The first integral can be nonzero even if α(t1) = α(t0) because x and v change during the cycle. A
finite compound pulse may be parameterized as

up(t) =
[︂
α(t) ϕ+(t) ϕ−(t)

]︂T
= u0 + Af

(︄
t − tp

τp

)︄
, (8.4)

where A, τp, and tp are the vector amplitude, duration, and center time. The relative phases of opening,
common twist, and differential twist determine whether energy is placed in longitudinal motion, axial
ball spin, vertical constraint motion, or slip.
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In the complete contact model, the instantaneous actuator power is

Pcontact =
∑︂

i

Fi · vr,i. (8.5)

For axial twist alone, if Qi = Fi · qi is the circumferential tangential force,

Pϕ = r
∑︂

i

Qiϕ̇i. (8.6)

Equation Equation (8.2) is the scalar-opening reduction of this general moving-contact work. A physically
observed “pulse” may therefore be a vector event in (α, ϕ+, ϕ−) rather than a purely open–close motion.

If a pulse supplies net useful energy ∆Euse while M varies little over the pulse, then

v2
+ ≈ v2

− + 2∆Euse
M

. (8.7)

This equation formalizes the player’s sensation of “pulsing the ball.”

9 Small rail compliance

9.1 Beam equation

Let wi(s, t) be the outward transverse deflection of rod i, measured along rod coordinate s ∈ [0, L].
Euler–Bernoulli theory gives

ρbAbwi,tt + cbwi,t + EIbwi,ssss = qi(s, t), (9.1)

where EIb is flexural rigidity and cb is distributed damping (Meirovitch, 2001). The lateral component
of a localized contact load is approximately

qi(s, t) = Ni(t)η(t) δD(s − x(t)) + qh,i(s, t). (9.2)

For a simply supported rod, the static compliance at the load point is

Cb(x) = x2(L − x)2

3EIbL
, (9.3)

although the actual boundary conditions should be measured.

9.2 Torsional elasticity and phase lag

A rod that is rotated at the handle need not rotate as a perfectly rigid body. Let ϑi(s, t) be elastic
twist relative to the commanded axial angle ϕi(t). Saint–Venant torsion gives

ρbJpϑi,tt + ctϑi,t − GJtϑi,ss = τi(s, t), (9.4)

where Jp is the polar area moment, Jt the torsion constant, and G the shear modulus. For a circular
rod, Jt = Jp = πr4/2. A circumferential contact force produces the localized torque

τi(s, t) ≈ rQi(t)δD(s − x(t)) + τh,i(s, t). (9.5)

The local material angle entering Equation (5.1) is ϕi(t) + ϑi(x(t), t). Torsional compliance therefore
introduces phase lag, stored energy, and oscillation into a nominal 5◦ hand rotation. At high pulse rates
the contact surface may continue moving after the handle reverses.
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Figure 6: Compliance is not merely a small correction. The reduced static closure develops a fold,
providing a mechanism for premature release or snap-through.

9.3 Static compliance closure

Let ηc = dc/(2a) be the commanded rigid separation. Each rail deflects outward by approximately
w = CbNη, so the total separation change is 2w. Using Equation (7.1),

η = ηc + Λη

δ
, Λ := Cbmg cos β

2a
. (9.6)

Equivalently,
ηc(η) = η

(︃
1 − Λ

δ

)︃
. (9.7)

Proposition 9.1 (Compliance-induced fold). Assume 0 < Λ < 1. The quasi-static branch Equation (9.7)
has a fold at

δ∗ = Λ1/3, η∗ =
√︂

1 − Λ2/3, ηc,∗ =
(︂
1 − Λ2/3

)︂3/2
. (9.8)

Thus finite compliance terminates the monotone support branch before the rigid command value ηc = 1.

Proof. Since d(η/δ)/ dη = δ−3,
dηc

dη
= 1 − Λ

δ3 . (9.9)

The fold occurs at δ3 = Λ. Substitution into η2 + δ2 = 1 and Equation (9.7) gives the remaining
formulas.

The first-order height perturbation caused by a small separation error ∆d is

∆h ≈ − d

4h
∆d. (9.10)

Because N = O(δ−1) and |hd| = O(δ−1), the formal composition of load-induced deflection and
geometric height sensitivity scales as O(δ−2). This explains why visually slight bending can dominate
the terminal region.
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Figure 7: Hybrid mode graph. The scoring release is a controlled guard crossing into free flight; an
early or asymmetric crossing is a failure.

10 Hybrid contact and terminal release

The game does not remain in one smooth dynamical mode. Let gi(q) be the normal gap at contact i
and Ni the corresponding compressive normal force. Unilateral contact is represented by

gi ≥ 0, Ni ≥ 0, giNi = 0. (10.1)

Together with Equation (7.3), these relations define a nonsmooth mechanical system (Brogliato, 2016).
Relevant modes are:

M1: symmetric two-contact rolling;

M2: two-contact rolling with microslip;

M3: asymmetric or one-contact motion;

M4: free flight after release;

M5: impact with the target board or collection tray.

During free flight,
mr̈C = mg + Fair, (10.2)

followed by an impact map or compliant impact law. The full terminal event is therefore a transition
from constrained rolling to ballistic motion, not merely a continuation of Equation (5.18).

The compliance fold adds another guard,

Gfold := δ3 − Λ. (10.3)

A conservative safe set can require

Ggeom > 0, Gfold > 0, GN > 0, Gµ > 0, Gω > 0,

Gϕ,i := ϕmax − |ϕi| > 0, G∆ := s∆,max − |s∆| > 0.
(10.4)
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Figure 8: Schematic target-specific phase portrait. Record-seeking play approaches the viability
boundary from below, whereas reliability-oriented play retains a larger reserve.

11 Target-specific viability and speed risk

11.1 Recoverable states

Let the state include rigid, actuator, and retained beam variables,

z = (x, v, α, α̇, ϕc, ϕ̇c, ϕ∆, ϕ̇∆, qb, q̇b, qt, q̇t, . . .). (11.1)

Let S be the state set in which the desired contact mode and all actuator/contact guards are valid, and
let Tk be the terminal set corresponding to scoring target k.

Definition 11.1 (Target-specific viability kernel). For horizon T , define

Kk(T ) := {z0 ∈ S : ∃u(·) ∈ U such that z(t) ∈ S until Tk is reached} . (11.2)

This is a controlled viability/capture-basin problem in the sense of Aubin (1991); Saint-Pierre (1994).
In a projection onto (x, v), part of the boundary may be summarized by a target-specific critical curve
vcrit,k(x). A high-performance path uses a small reserve

ε(x) = vcrit,k(x) − v(x) > 0. (11.3)

The curve is global: it represents remaining distance, available control, friction, compliance, and terminal
timing, not merely a local detachment speed.

11.2 Release timing uncertainty

Suppose the desired release position is centered in a longitudinal interval of width ∆x. Let residual
position error and motor timing error be independent Gaussians,

ex ∼ N (0, σ2
x), et ∼ N (0, σ2

t ). (11.4)

The linearized release-position error is e = ex + vet, hence

σ2
eff(v) = σ2

x + v2σ2
t . (11.5)
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The probability of releasing inside the target window is

phit(v) = P{|e| ≤ ∆x/2} = erf

⎛⎝ ∆x

2
√

2
√︂

σ2
x + v2σ2

t

⎞⎠ . (11.6)

Proposition 11.2 (Timing risk increases strictly with speed). If σt > 0 and ∆x > 0, then p′
hit(v) < 0

for every v > 0.

Proof. The denominator in the argument of erf is strictly increasing for v > 0, and erf is strictly
increasing. Their composition is therefore strictly decreasing.

The elementary release-time window obeys

∆trelease ≈ ∆x

v
. (11.7)

Thus speed can improve reach while unavoidably reducing release robustness.

11.3 Score objectives

Let S(v) denote score conditional on an aggressiveness class and Ps(v) its success probability. Expected-
score play maximizes

J(v) = Ps(v)S(v). (11.8)

At an interior optimum,
S′(v)
S(v) = −P ′

s(v)
Ps(v) . (11.9)

The fractional gain in score is balanced by the fractional loss of reliability.
A record-seeking objective is different. For target k with per-attempt success probability pk, the

probability of at least one success in n approximately independent attempts is

Pk,n = 1 − (1 − pk)n. (11.10)

A player seeking the maximum target at least once can rationally accept lower per-attempt reliability.

12 Risk-sensitive optimal control

A rate-limited reduced state can be written

z = (x, v, α, a, ϕc, Ωc, ϕ∆, Ω∆, qb, q̇b, qt, q̇t), a = α̇, (12.1)

with bounded opening jerk jα and twist angular accelerations uc, u∆. Retaining one bending mode and
one torsional mode gives

ẋ = v, (12.2)

Mv̇ = −Vx − 1
2Mxv2 − Mαav − Fd + Qb + Fϕ, (12.3)

α̇ = a, ȧ = jα, (12.4)
ϕ̇c = Ωc, Ω̇c = uc, (12.5)

ϕ̇∆ = Ω∆, Ω̇∆ = u∆, (12.6)
q̈b + 2ζbωbq̇b + ω2

b qb = BbNη, (12.7)
q̈t + 2ζtωtq̇t + ω2

t qt = BtrQ∆. (12.8)
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Figure 9: The same action that increases reach can move the trajectory toward the viability boundary
and reduce terminal hit probability. Curves are illustrative, not fitted to a particular machine.

Here Fϕ is zero in the ideal local parallel circular limit but is generated by divergence, skew, noncircularity,
or slip. The system is subject to bounds on opening, individual axial angle, rates, torques, contact
forces, and all hybrid guards.

A risk-sensitive objective is

max
(jα,uc,u∆)(·)

{︄
E[S(Ximpact)] − λP{failure} −

∫︂ T

0

(︂
γαj2

α + γcu
2
c + γ∆u2

∆

)︂
dt − ξT

}︄
. (12.9)

The weight λ selects a point on the speed-risk frontier.

Proposition 12.1 (Bang-bang tendency). Suppose a reduced model is control-affine,

ż = f(z) + g(z)u, u ∈ [umin, umax], (12.10)

with a minimum-time or terminal-payoff problem whose Pontryagin Hamiltonian is affine in u. Away
from singular arcs, an optimal control takes values only at umin or umax almost everywhere.

Proof. The Hamiltonian has the form H = λT
z f(z) + λT

z g(z)u + ℓ(z). For fixed state and costate it is
affine in u, so its extremum over a compact interval occurs at an endpoint unless the switching function
λT

z g(z) vanishes on an interval. This is the standard maximum-principle argument (Pontryagin et al.,
1962).

This result explains why a short high-authority action is natural, but not how many switches are
optimal. A schematic pulse-location merit function is

Q(xp) = Benergy(xp) − Lremaining(xp) − λRterminal(xp). (12.11)

Early pulses leave more distance for dissipation and error growth. Late pulses leave little useful travel
and perturb the most sensitive region. These competing effects make an interior x∗

p plausible without
implying x∗

p = L/2.

Conjecture 12.2 (Single dominant compound-pulse regime). There exists a nonempty parameter
regime of rail slope, opening and twist authority, rolling loss, bending/torsional compliance, actuator
rate limits, and terminal-risk weight in which the maximum-score optimal policy contains one dominant
intermediate vector pulse in (α, ϕ+, ϕ−), followed by a high-speed arc lying just inside the target-specific
viability boundary.
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The conjecture is deliberately conditional. The dominant event may be mostly separation control,
mostly common twist, or a phased combination including differential twist. Strong dissipation, weak
actuation, accurate high-bandwidth feedback, or a sharply varying viability boundary can favor several
smaller pulses. The decisive test is to solve the calibrated problem without constraining pulse count or
control direction and determine whether one compound pulse emerges.

13 Dimensionless groups and mechanical regimes

Use the rail length L, gravitational speed
√

gL, and time
√︁

L/g to define

X = x

L
, U = v√

gL
, τ = t

√︃
g

L
. (13.1)

Important dimensionless groups are

ρr = r

R
, Πα = L tan α

R + r
, (13.2)

Πb = mgL3

EIbR
, Πc = c1

M0
√︁

g/L
, (13.3)

Stp = τp

√︃
g

L
, Λ = Cbmg cos β

2(R + r) , (13.4)

Φmax = ϕmax, Πϕ̇ = rϕ̇max√
gL

, (13.5)

Πtor =
√︄

ρbJpgL

GJt
, ϵr = max

i
|ϵi|. (13.6)

Together with µr, µs, β, independent rod-attitude limits, and actuator bounds, these parameters
distinguish several regimes:

(a) geometry dominated: large Πα, low loss, stiff rods;

(b) dissipation dominated: rolling loss erases early pulse energy;

(c) compliance dominated: Λ is large enough that the fold precedes the desired release;

(d) twist dominated: Πϕ̇ is large enough that rod-surface motion materially changes spin or propulsion;

(e) torsion dominated: handle motion is phase-lagged by elastic twist;

(f) actuator limited: finite opening/twist rate, torque, or jerk prevents impulsive control;

(g) risk dominated: timing variance and narrow terminal geometry determine the optimum.

The conjectured one-pulse strategy is expected only in a subset of this parameter space.

14 System identification and falsification protocol

A credible validation requires measurement of one physical apparatus rather than guessed parameters.
The following protocol identifies the hierarchy of models and tests conjecture 12.2.

1. Rigid geometry and attitude. Measure R, r, L, the two centerlines ci(s, ui), βi, γi, and the
full separation map. Compare side-view center height with Equations (3.9) and (3.12).
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2. Axial rotation. Instrument each rod with an angular marker or encoder, measure the actual
range corresponding to the nominal 5◦ bound, and identify common/differential handle modes.

3. Rolling kinematics. Mark the ball and estimate all three spin components from high-speed
video. Test Equations (4.4) and (5.9) in low-slip trials.

4. Dissipation. Run coast-down experiments at several fixed openings to identify µr, c1, and c2.

5. Bending and torsion. Apply known transverse loads and handle torques to identify Cb(x),
bending modes, GJt, damping, and torsional phase lag. Test the fold scaling in Equation (9.8) by
changing ball mass or rod stiffness.

6. Circularity and surface anisotropy. Measure runout/ovality and friction versus axial angle to
determine whether the absolute ϕi affects geometry or only ϕ̇i affects surface velocity.

7. Compound-pulse work. Record synchronized opening, ϕ±, ball position, speed, three-axis
spin, bending, and torsion during controlled cycles. Compare measured work with Equations (8.3)
and (8.6).

8. Hybrid guards. Identify onset of slip, one-contact motion, and release as functions of (x, v, α, α̇).

9. Human strategies. Compare smooth conservative, many-small-pulse, one-pulse, and unrestricted
expert trials.

10. Unconstrained optimization. Solve Equations (12.8) and (12.9) using direct collocation,
dynamic programming, or stochastic model-predictive control without prescribing pulse count.

The one-pulse conjecture gains support only if the independently calibrated optimizer repeatedly
discovers a dominant intermediate pulse and predicts how its location changes after controlled pertur-
bations to mass, friction, bending/torsional stiffness, axial-angle range, slope, or target geometry. If the
optimizer instead finds multiple pulses or a smooth singular arc, that outcome refutes the conjecture
for the tested regime.

15 Discussion

15.1 What the model establishes

Several conclusions follow directly from the stated assumptions.
First, the geometry-induced drive is exact within the symmetric cross-sectional model: opening the

rods lowers the ball center, and uphill acceleration begins when Equation (6.2) is satisfied.
Second, the symmetric no-slip geometry has an exact local rolling radius Rδ. This causes effective

rotational inertia to grow as δ−2 and regularizes the apparent terminal force singularity at zero speed.
Independent axial rod rotation adds a second ball-spin component and a differential compatibility
condition; these are absent from a one-input opening model.

Third, small compliance can have a non-small qualitative effect. The static closure in Equation (9.7)
develops a calculable fold before the rigid geometric limit. This provides a concrete mechanism for early
release, snap-through, and extreme sensitivity to rod stiffness.

Fourth, the speed-risk tradeoff is not merely verbal. Under the release-error model, hit probability
is strictly decreasing in speed. High speed becomes rational only because the scoring geometry or reach
constraint changes the payoff set.
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15.2 What remains conjectural

The model does not prove that a particular commercial machine has a one-pulse optimum. That
conclusion depends on measured dissipation, independent opening/twist limits, circularity, bending and
torsional compliance, terminal geometry, and the player’s objective. Nor does the reduced model replace
the full three-dimensional contact equations near slip or release. It provides a structured hierarchy:

rigid reduced model ⊂ compliant modal model ⊂ full nonsmooth contact model. (15.1)

The simpler levels are useful only while validated against the next level and against experiment.

15.3 Interpretation of maximum risk

“Maximum risk” should not mean arbitrary recklessness. It means operation near the boundary of
the target-specific viability kernel. For a given target and uncertainty model, there is a largest useful
aggressiveness at which the fractional score gain still compensates for the fractional loss of success
probability. A record-seeking player with many attempts chooses a different boundary reserve from a
player maximizing average score per attempt.

16 Conclusion

The Space Force / Shoot-the-Moon mechanism is a compact example of controlled transport on a moving,
compliant constraint manifold. The support variable δ controls center height, contact orientation,
rolling radius, normal load, and effective inertia. Xu, Groff, and Burg supplied the foundational rigid
nonholonomic dynamics and model-based position control. The present extension shows that independent
rod attitudes and approximately five-degree axial rotations add surface-velocity controls that govern ball
axial spin, vertical compatibility, slip, and—outside the parallel circular limit—longitudinal propulsion
and braking. Rod opening creates geometry-induced uphill drive, while compound opening–twist
motion exchanges energy with the ball. Rolling resistance and traction constraints limit this mechanism.
Bending is amplified near release, torsion creates phase lag, and contact loss produces a hybrid transition
to free flight.

For scoring, the relevant object is the target-specific viability kernel. Maximum-performance
trajectories approach its boundary; timing uncertainty makes terminal hit probability decrease strictly
with speed. This formalizes the observed paradox that the route to the maximum score can also be the
route with the smallest robustness margin. Bang-bang theory makes a short high-authority compound
pulse mechanically plausible. Whether the optimal strategy contains exactly one intermediate vector
pulse in separation and rod twist is now a precise, falsifiable question for system identification and
unconstrained optimal-control computation.

A Full vector rolling equations

Let rC be the ball-center position, ω its angular velocity, and ρi the vector from the center to contact i.
The sphere contact-point velocity is

vc,i = ṙC + ω × ρi. (A.1)

With centerline and angular motion given by Equations (3.2) and (5.1), the rod material velocity is
Equation (5.2). Ideal rolling requires

PT,i(vc,i − vr,i) = 0, PT,i = I − nin
T
i . (A.2)
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The Newton–Euler equations are

mr̈C = mg +
∑︂

i

(Nini + Ft,i) + Fair, (A.3)

ICω̇ + ω × (ICω) =
∑︂

i

ρi × Ft,i + τext. (A.4)

Together with Equations (7.3) and (10.1), these form a differential-algebraic or complementarity system.
The scalar equation Equation (5.18) is its symmetric centerline reduction.

B Compact reduced model

A minimal simulation model is

d = d0 + 2x tan α, η = d

2(R + r) , δ =
√︂

1 − η2, (B.1)

V = mg (x sin β + (R + r)δ) , M = m

(︃
1 + κ

δ2

)︃
, (B.2)

Mv̇ = −Vx − 1
2Mxv2 − Mαα̇v − Fd, ẋ = v, (B.3)

Fd = µrmg
cos β

δ
sgn(v) + c1v + c2|v|v, (B.4)

ωx = − r

R
ϕ̇c, s∆ = rϕ̇∆ − ηżB. (B.5)

Add the bending and torsional equations Equations (9.1) and (9.4) or modal reductions, monitor the
guards in Equation (10.4), and switch to Equation (10.2) at release.

C Notation summary

Symbol Meaning

R, r ball radius and rod radius
m, I ball mass and central moment of inertia
x, L longitudinal position and rail length
α half of the included rod opening angle in the symmetric reduction
γi, βi signed yaw and pitch of rod i
ϕi axial material rotation of rod i; nominal bound about 5◦

ϕc, ϕ∆ common and differential axial twist modes
β mean uphill inclination of the rail-center plane
d center-to-center rod separation
a = R + r ball-center to rod-center distance at contact
η = d/(2a) normalized separation
δ =

√︁
1 − η2 dimensionless support margin

h = aδ ball-center height above the rod-center plane
M geometry-dependent translational effective mass
Ni, Ft,i normal and tangential contact forces
wi, qb rod bending deflection and retained bending mode
ϑi, qt elastic torsional twist and retained torsion mode
s∆ differential-twist slip residual
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Λ dimensionless static compliance parameter
Kk(T ) target-k viability kernel over horizon T
ε speed reserve below a projected viability boundary
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